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Abstract— In this paper, a design method of a static anti-
windup compensator which guarantees robust stability subject
to saturation nonlinearities and which attenuates a windup
phenomena is proposed. Although this design problem has
been considered as a non-convex problem in the previous
works, we will show that it can be converted into a convex
optimization problem with linear matrix inequality constraints.
Three numerical examples show effectiveness of the proposed
method.

I. INTRODUCTION

In many practical control systems, there exist saturation
limitations on controller outputs. It is well-known that in-
put saturations give adverse effects on control performance
called windup phenomena [13]. An anti-windup scheme
is one way to deal with the windup phenomena and is
usually performed by adding an anti-windup compensator
to the controller which gives acceptable performance in the
unsaturated region [8], [4], [2], [3]. Recently, several design
methods of an anti-windup compensator which considers
closed-loop stability have been presented. In [2], [3], this
design problem is reduced to a BMI problem, and an
alternating minimization algorithm is applied to solve it.
However, a global optimal solution cannot be obtained by
this algorithm in general [10].

In this paper, we propose a design method of an anti-
windup compensator which guarantees closed-loop stability.
Firstly, we derive a robust stability condition of the anti-
windup control system based on the multivariable circle
theorem, and show that this condition can be converted into
a LMI condition. Secondly, we derive a condition which the
control system should satisfy to attenuate the performance
degradation during saturation period. Then, we formulate the
design problem of an anti-windup compensator which satis-
fies both the robust stability condition and the performance
condition in the Multi-Objective design framework of the
LMI method. Finally, the proposed design method is applied
to three numerical examples.

II. PROBLEM STATEMENT

Consider a feedback control system shown in Fig.1. P (s)
and K(s) represent a plant and a controller respectively, and
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Fig. 1. Actual control system
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Fig. 2. Equivalent control system

their state equations are given by

P :
{
ẋp = Apxp +Bpu
y = Cpxp

(1)

K :
{
ẋc = Axc +Be
ũ = Cxc +De

(2)

where xp ∈ Rnp , xc ∈ Rnc , u ∈ Rp and y ∈ Rq .
φp denotes an actual input saturation, and φc denotes a
saturation function inserted to protect a plant. We make the
following assumptions.

Assumption 1: The controller K(s) has been already de-
signed so that the control system has acceptable performance
in the unsaturated region.

Assumption 2: The saturation function φc is chosen so
that um = u hols for all time.

When the assumption 2 holds, we can disregard the actual
input saturation φp. Hence, in the following we will consider
the system shown in Fig.2.

We define the saturation function φc as

φc(ũ) = (φc1(ũ1), · · · , φcp(ũp))T (3)

where

φci(ũi) =

⎧⎨
⎩

uimax (ũi > uimax)
ũi (uimin ≤ ũi ≤ uimax)
uimin (ũi < uimin)

Then, we introduce the anti-windup controller K̃(s).

K̃ :
{
ẋc = Axc +Be+H(u− ũ)
ũ = Cxc +De

(4)

H ∈ Rnc×p is a constant matrix, and we refer to it as
a static anti-windup compensator. Since we have assumed
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Fig. 3. Control system with an anti-windup controller
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Fig. 4. Control system with a dead zone nonlinearity

that the matrices A, B, C and D are given, the matrix H is
the only design parameter. In the following discussion, we
will consider the design problem of H which satisfies the
following design specifications.

• To stabilize the closed-loop system shown in Fig.3
• To attenuate the performance degradation in the satu-

rated region

III. DESIGN METHOD

A. Robust Stability Condition

In this section, we derive a robust stability condition of
the system in Fig.3, and show that the design problem of the
matrix H which satisfies this condition can be reduced to an
equivalent LMI problem.

By introducing a dead zone function φd(·), the saturation
function φc(·) can be expressed as

φc(ũ) = ũ− φd(ũ) (5)

where

φd(ũ) = (φd1(ũ1), · · · , φdp(ũp))T

It can be shown that the closed-loop system of Fig.3
can be transformed into the system of Fig.4 by using (5).
Next, as shown in Fig.5, we model the dead zone function
φdi(·) as the sector bounded nonlinearity which lies inside
the sector [0, κ̄i]. Obviously, the sector entirely covers ψi(·)
for κ̄i = 1 and covers the finite region with the center
ũi = 0 for 0 < κ̄i < 1. By using this model, the closed-loop
system in Fig.4 can be expressed as the system in Fig.6,
where Δd = diag(Δd1, · · · ,Δdp), Δdi ∈ [0, 1] ∀i, κ̄ =
diag(κ̄1, · · · , κ̄p). Moreover, G̃(s) is defined by

G̃(s) =

⎡
⎣ A −BCp H
BpC Ap −BpDCp Bp

C −DCp 0

⎤
⎦

=:
[
Ã B̃

C̃ 0

]
(6)

i

i( )

∼

∼φdi

Fig. 5. Deadzone nonlinearity

From the multivariable circle theorem [11], if the follow-
ing condition holds,

(κ̄G̃(jω) + I) + (κ̄G̃(jω) + I)∗ > 0, ∀ω (7)

Then the closed-loop system shown in Fig.6 is asymptotically
stable in a neighborhood of the origin.

By applying the following lemma, the condition (7) can
be reduced to an LMI condition.

Lemma 1 (The Strictly Positive Real condition [9]): For
a given stable transfer function G(s) := C(sI−A)−1B+D,
the following statements are equivalent.

1) G(s) is strictly positive real.
2) ∃X = XT > 0 such that[

XAT +AX B −XCT

BT − CX −(D +DT )

]
< 0

From Lemma 1, the condition (7) holds if and only if there
exist XS = XT

S > 0 and H such that

FS(XS , H) :=
[
XSÃ

T + ÃXS B̃ −XSC̃
T κ̄

B̃T − κ̄C̃XS −2I

]
< 0 (8)

Note that the condition (8) is an LMI with respect to H and
XS , since only B̃ includes H .

Remark 1: We explain the reason why the matrix H does
not appear in Ã and only appears in B̃. From eq.(5), the
following relation can be obtained.

v = u− ũ

= (ũ− d) − ũ

= −d (9)

where d = ψ(ũ). Thus, as shown in Fig.7, the local feedback
loop from ũ to the controller via v can be deleted by using the
sector transformation (5). This implies that only B̃ includes
H .

Remark 2: In previous studies, the design problem of the
matrix H which guarantees the closed-loop stability has been
considered a BMI problem [2], [3], [6]. For example, in [2],
the robust stability condition is derived as follows. Let M(s)
be a transfer function matrix from u to ũ of the system in
Fig.3 with Φ = 0. From the circle theorem, another robust
stability condition of this closed-loop system is derived as

(−M(jω) + I) + (−M(jω) + I)∗ > 0, ∀ω (10)
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Fig. 6. Closed-loop system for circle theorem

where

M(s) =

⎡
⎣ A−HC (HD −B)Cp H

0 Ap Bp

C −DCp 0

⎤
⎦

When we apply Lemma 1 to the condition (10), the derived
matrix inequality condition has bilinear terms with respect
to H and X . Hence the design problem becomes a BMI
problem. From the same reason, the design problem of [6]
is reduced to a BMI problem.

B. Control Performance Condition

In this section, we consider a condition which the matrix
H should satisfy to attenuate performance degradation during
saturation period. If we consider the effects of the input
saturation as the fictitious disturbance d, it is expected that
the performance degradation can be attenuated by making
a transfer function from d to y small. Thus we use the
following condition as the control performance condition
during the saturation period.

‖Tyd‖∞ < ε (11)

where

Tyd(s) =
[
Ã B̃
Cy 0

]
, Cy =

[
0 −Cp

]

Tyd(s) denotes the transfer function from d to y of the
closed-loop system shown in Fig.4 with ψ = 0. We use the
H∞ norm to measure the size of the transfer function in the
condition (11), since the property of the signal d is unclear
in general. By applying the following lemme, the condition
(11) can be reduced to an equivalent LMI condition.

Lemma 2 (The bounded-real lemma [9]): For a given
stable transfer function G(s) := C(sI − A)−1B + D, the
following statements are equivalent.

1) ‖G(s)‖∞ < γ
2) There exist X = XT > 0such that⎡

⎣ AX +XAT XCT B
CX −γI D
BT DT −γI

⎤
⎦ < 0 (12)

From Lemma 2, the condition (11) holds if and only if
there exist XN = XT

N > 0 and H such that

FN (XN , H) :=⎡
⎣ ÃXN +XN Ã

T XNC
T
y B̃

CyXN −εI 0
B̃T 0 −εI

⎤
⎦ < 0 (13)
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Fig. 7. Disturbance feedforward

The condition (13) is an LMI with respect to H and XN ,
since only B̃ includes H .

C. Design Problem

We formulate the design problem of H that satisfies
conditions (8) and (13) as follows.

Problem 1: Find the matrix H such that[
FN (XN , H) 0

0 FS(XS , H)

]
< 0

XN = XT
N > 0

XS = XT
S > 0

Note that the above problem is an LMI problem with
respect to XN , XS and H . Thus Problem 1 is the LMI
problem and it can be solved efficiently by using the interior
point algorithm [12]. We need to choose κ̄ to solve Problem
1. Clearly, if Problem 1 is solvable with κ̄ = I , the global
stability can be assured by using the obtained anti-windup
compensator. However, Problem 1 is not always solvable
with κ̄ = I . In such a case, κ̄ should be chosen as large
as possible, since the region of attraction tends to be larger
by choosing larger κ̄.

In addition, it should be noted that we can put any linear
structural constraint on the matrix H . A typical and useful
constraint is a diagonal structure on H . This constraint can
be used for the design of the decentralized anti-windup
compensator for the decentralized controller.

IV. NUMERICAL EXAMPLES

A. Example 1 (SISO Plant Case)

Let us consider a plant P (s) and a controller K(s) given
by
Plant P (s):

Ap =
[ −0.01 1

0 −0.01

]
, Bp =

[
0
1

]
, Cp =

[
1 0

]

Controller K(s):

A =

⎡
⎢⎢⎣

0 1.000 −2.414 2.414
−2.414 −2.414 −2.000 1.000
1.000 0 −2.414 2.414

0 0 0 0

⎤
⎥⎥⎦ , B =

⎡
⎢⎢⎣

0
0
0
1

⎤
⎥⎥⎦

C =
[

2.414 2.414 1.000 0
]
, D = 0

A controller output is constrained between the saturation
limits ±0.1.
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Fig. 8. y(t) (solid:with AWC, dash-dot:unconstrained, dashed:constrained
w/o AWC)
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Fig. 9. ũ(t) (solid:with AWC, dash-dot:unconstrained, dashed:constrained
w/o AWC)

We solved Problem 1 with ε = 1.2 and κ̄ = 0.9, and
obtained a feasible solution

H =

⎡
⎢⎢⎣

−0.3823
−1.2552
0.6082
0.9837

⎤
⎥⎥⎦

We chose κ̄ = 0.9, since Problem 1 is not solvable for κ̄ = 1.
Fig.8 and Fig.9 show the responses of the system for

r(t) = 1, (t ≥ 0). Although the constrained system without
the anti-windup compensator becomes unstable (dashed), the
closed-loop stability is assured by using the proposed anti-
windup compensator (solid).

Since the anti-windup compensator is designed with κ̄ =
0.9, the global stability can not be assured by using this anti-
windup compensator. Thus we will check the largeness of the
region of attraction by applying large reference commands.
Fig.10 and Fig.11 show the responses of the system for
r(t) = 30, (0 ≤ t) and r(t) = 50, (0 ≤ t). In both cases, the
system is stable, and the controlled output y(t) tracks the
reference command. From these results, we can expect that
the region of attraction is considerably expanded by using
the proposed anti-windup compensator.
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Fig. 10. y(t) (solid:r(t) = 50, (t ≥ 0), dashed:r(t) = 30, (t ≥ 0))
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Fig. 11. ũ(t) (solid:r(t) = 50, (t ≥ 0), dashed:r(t) = 30, (t ≥ 0))

Fig.12 and Fig.13 show the responses of the system with
the anti-windup compensator designed with several different
ε. From these figures, we can see the tendency that the
response of y(t) becomes faster in the case where ε is chosen
to be small. However, the response of y(t) slightly oscillates
when ε = 0.7. Thus we should choose a smaller value as ε
unless the system oscillates.

B. Example 2 (MIMO Plant Case)

Let us consider the example of [8]. The coefficient matri-
ces of P (s) and K(s) are given by
Plant P (s):

Ap =
[ −0.1 0

0 −0.1

]
, Bp =

[
0.5 0.4
0.4 0.3

]

Cp =
[

1 0
0 1

]

Controller K(s):

A =
[

0 0
0 0

]
, B =

[
1 0
0 −1

]

C =
[

1 0
0 1

]
, D =

[
10 0
0 −10

]
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Fig. 12. y(t) (dashed:ε = 0.7, solid:ε = 1.2, dash-dot:ε = 5)
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Fig. 13. ũ(t) (dashed:ε = 0.7, solid:ε = 1.2, dash-dot:ε = 5)

The limitations on controller outputs are |u1| ≤ 3 and |u2| ≤
10.

We solved Problem 1 with ε = 4.5, κ̄ = diag[1, 1], and
obtained a feasible solution

H =
[

3.3964 0.7548
−2.7222 −0.3392

]

Note that the closed-loop system is globally stabilized by
using this anti-windup compensator, since this compensator
is obtained for κ̄ = diag[1, 1].

Next, we will show some results of numerical simulations
for the step reference command given by

r(t) =
{

(0.6, 0.4)T , (0 ≤ t ≤ 5)
(0, 0)T , (5 < t)

Fig.14 and Fig.15 show the responses of the constrained
system (solid) and the unconstrained system (dashed). The
input saturations destroy the closed-loop stability in this case.
Fig.16 and Fig.17 show the responses of the system with
the anti-windup compensator designed by the Conditioning
Technique (CT) [4]. In this numerical example, CT fails to
stabilize the closed-loop system. Fig.18 and Fig.19 show
the responses of the system with the proposed anti-windup
compensator. Although it takes long time to reach the refer-
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Fig. 14. y(t) (solid:constrained w/o AWC, dashed:unconstrained)
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Fig. 15. ũ(t) (solid:constrained w/o AWC, dashed:unconstrained)

ence values, the closed-loop stability is assured by using the
proposed anti-windup compensator.

C. Example 3 (Control of a BTT Missile)

In this section, we consider a control problem of a Bank-
to-Turn (BTT) missile with saturating actuators [16]. The
linearized model of the yaw/roll dynamics of the BTT missile
is described by

Ap =

⎡
⎣ −0.818 −0.999 0.349

80.29 −0.579 0.009
−2734 0.5621 −2.10

⎤
⎦

Bp =

⎡
⎣ 0.147 0.012

−194.4 37.61
−2176 −1093

⎤
⎦

Cp =
[

1 0 0
0 1 0

]

The nominal controller K(s) designed by the LQG/LTR
design methodology has a state space representation given
by

A =
[
A1 B1

0 0

]
, B =

[
0
I

]
, D =

[
C1 0

]
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Fig. 16. y(t) (solid:CT [4], dashed:unconstrained)

0 5 10 15 20
-10

-8

-6

-4

-2

0

2

4

6

8

10

time

u_
ti

ld
e

Fig. 17. ũ(t) (solid:CT [4], dashed:unconstrained)

where

A1 =

⎡
⎢⎢⎢⎢⎣

−0.29 −107.78 6.67 −2.58 −0.40
107.68 −97.81 63.95 −4.52 −5.35
−6.72 64.82 −54.19 −40.79 5.11
3.21 2.10 29.56 −631.15 429.89
0.36 −3.39 3.09 −460.03 −0.74

⎤
⎥⎥⎥⎥⎦

B1 =

⎡
⎢⎢⎢⎢⎣

2.28 0.48
−40.75 2.13
18.47 −0.22
−2.07 −44.68
−0.98 −1.18

⎤
⎥⎥⎥⎥⎦

C1 =
[

0.86 8.54 −1.71 43.91 1.12
2.17 39.91 −18.39 −8.51 1.03

]

Both controller outputs are constrained between the sat-
uration limits ±8. We solved Problem 1 with ε = 1, κ̄ =
diag[1, 1], and obtained a feasible solution

H =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−0.426 −2.157
−0.375 −0.721
−0.631 1.273
−7.503 −3.715
−9.972 1.695
−0.079 −0.987
−0.733 0.123

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Fig. 18. y(t) (solid:with proposed AWC, dashed:unconstrained)
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Fig. 19. ũ(t) (solid:with proposed AWC, dashed:unconstrained)

Note that the closed-loop system is globally stabilized by
using the obtained anti-windup compensator, since this com-
pensator is obtained for κ̄ = diag[1, 1].

Fig.20 and Fig.21 show the responses of the system for
r(t) = [4.2,−4.2]T , (t ≥ 0). Although the constrained sys-
tem without the anti-windup compensator becomes unstable
(dashed), the closed-loop stability is assured by using the
proposed anti-windup compensator (solid).

In Fig.22 and Fig.23, dashed lines show the responses of
the system with the anti-windup compensator designed by
the method of Watanabe et. al [5] and dash-dot lines show
the responses of the system with GCT [15]. The responses of
the system with [5] show good performance and GCT fails
to stabilize the closed-loop system in this example.

Fig.24 and Fig.25 show the responses of the system in
the case where both inputs are constrained between ±1. In
this case, the responses of the system with the proposed
anti-windup compensator (solid) are faster than those of the
system with the compensator design by [5].

V. CONCLUSION

We have proposed a design method of a static anti-windup
compensator which guarantees robust stability of the closed-
loop system.
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Fig. 20. y(t) (solid:with proposed AWC, dashed:constrained w/o AWC,
dash-dot:unconstrained)
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Fig. 21. ũ(t) (solid:with proposed AWC, dashed:constrained w/o AWC,
dash-dot:unconstrained)

• It has been shown that the design problem of a static
anti-windup compensator which guarantees closed-loop
stability can be reduced to an equivalent LMI problem
and can be solved efficiently by using a numerical opti-
mization algorithm. This result is remarkable, since this
design problem has been considered a BMI problem.

• In numerical examples 2 and 3, it has been shown that
the proposed anti-windup compensator can guarantee
global asymptotic stability of the closed-loop system.
Although such a solution can not be always obtained,
it has been shown in numerical example 1 that the pro-
posed anti-windup compensator can expand the region
of attraction effectively.

• The proposed design method is applicable to any control
system with an LTI controller. Further, we can put any
structural constraint on H . Thus we can design a de-
centralized anti-windup compensator for a decentralized
controller by choosing a block-diagonal matrix as H .
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